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Abstract. Let S be a p-group for an odd prime p, Oliver proposed the conjecture that the
Thompson subgroup J(S) is always contained in the Oliver subgroup X(S). That means he
conjectured that |J(S)X(S) : X(S)| = 1. Let X1(S) be a subgroup of S such that X1(S)/X(S) is
the center of S/X(S). In this short note, we prove that J(S) ≤ X(S) if and only if J(S) ≤ X1(S).
As an easy application, we prove that |J(S)X(S) : X(S)| 6= p.
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1 Introduction
Recently, [1, 2] renewed the remarkable definition ”centric linking system” which is
like a bridge between the saturated fusion systems and the classifying spaces. The exis-
tence and uniqueness of centric linking system can be used to solve the Martino-Priddy
conjecture. In the beginning of these works, [8] proposed Oliver’s p-group conjecture, a
purely group-theoretic problem. A positive resolution of this conjecture would give the
existence and uniqueness of centric linking systems for fusion systems at odd primes(also
see [7]).
Curiously, the Martino-Priddy conjecture has been proved by [8, 9], and the existence
and uniqueness of centric linking system has been solved by [3, 10], but Oliver’s p-group
conjecture is still open. There are only some works[4, 5, 6, 7] about this conjecture for
some special cases.
Now, we list Oliver’s p-group conjecture as follows.
Conjecture 1.1. [8, Conjecture 3.9] Let S be a p-group for an odd prime p. Then
J(S) ≤ X(S),
where J(S) is the Thompson subgroup generated by all elementary abelian p-subgroups
whose rank is the p-rank of S, and X(S) is the Oliver subgroup described in [8, Definition
3.1] and [4, Definition].
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2Our main results are as follows.
Theorem 1.2. Let S be a finite p-group for an odd prime p. Set X1(S) ≤ S such that
X1(S)/X(S) = Z(S/X(S)). If E is an elementary abelian p-subgroup whose rank is the
p-rank of S and E ≤ X1(S), then E ≤ X(S).
Here, Z(S/X(S)) means the center of S/X(S). Moreover, using above theorem, we
get the following corollary.
Corollary 1.3. Let S be a finite p-group for an odd prime p. Set X1(S) ≤ S such that
X1(S)/X(S) = Z(S/X(S)). Then J(S) ≤ X(S) if and only if J(S) ≤ X1(S).
Actually, if S/X(S) is not trivial, then X(S) is a proper subgroup of X1(S). So this
corollary should be useful to understand Oliver’s p-group conjecture.
With further consideration, we get the following theorems.
Theorem 1.4. Let S be a finite p-group for an odd prime p. Then Oliver’s p-group
conjecture holds for S if and only if X(L) = X(S) for each subgroup L with X(S) ≤ L ≤
J(S)X(S).
Theorem 1.5. Let S be a finite p-group for an odd prime p. If L✂S for each subgroup
L with X(S) ≤ L ≤ J(S)X(S), then J(S) ≤ X(S).
Structure of the paper : After recalling the basic definitions and properties of
Oliver’s p-group in Section 2, we give proofs of Theorem 1.2 and Corollary 1.3 in Section
3. Then in Section 4 we prove Theorem 1.4-5.
2 Oliver’s p-group and some lemmas
In this section we collect some contents that will be need later, we refer to [4, 5, 8].
First, we recall the definition of Oliver’s p-group as follows.
Definition 2.1. [8, Definition 3.1],[4, Definition] Let S be a finite p-group and K ✂ S
a normal subgroup. There exists a sequence
1 = Q0 ≤ Q1 ≤ · · · ≤ Qn = X(S)
such that Qi ✂ S, and such that
[Ω1(CS(Qi−1)), Qi; p − 1] = 1 (∗)
holds for each 1 ≤ i ≤ n. The unique largest normal subgroup of S which admits such a
sequence is called X(S), the Oliver subgroup of S.
Remark 2.2. [8, p.334] If K,L✂ S and there exist two sequences
1 = Q0 ≤ Q1 ≤ · · · ≤ Qn = K; 1 = R0 ≤ R1 ≤ · · · ≤ Rm = L
3such that Qi ✂ S,Rj ✂ S, and such that
[Ω1(CS(Qi−1)), Qi; p − 1] = 1 and [Ω1(CS(Rj−1)), Rj ; p− 1] = 1
holds for each 1 ≤ i ≤ n and 1 ≤ j ≤ m respectively. Then we have a sequence
1 = Q0 ≤ Q1 ≤ · · · ≤ Qn = K ≤ QnR0 ≤ QnR1 ≤ · · · ≤ QnRm = KL
satisfies the condition (∗).
The following lemmas are important to prove the main results.
Lemma 2.3. [8, Lemma 3.2] Let S be a finite p-group, then CS(X(S)) = Z(X(S)).
Lemma 2.4. [8, Lemma 3.3] Let S be a finite p-group. Let Q ✂ S be any normal
subgroup such that
[Ω1(Z(X(S))), Q; p − 1] = 1.
Then Q ≤ X(S).
3 The proof of the Theorem 1.2
In this section, we give a proof of Theorem 1.2. We prove the following lemma first.
Lemma 3.1. Let S be a finite p-group, if X(S) ≤ L ≤ S, then
X(S) ≤ X(L).
Proof. There exists a series of subgroups
1 = Q0 ≤ Q1 ≤ · · · ≤ Qn = X(S)
such that Qi ✂ S, and such that
[Ω1(CS(Qi−1)), Qi; p − 1] = 1
holds for each 1 ≤ i ≤ n.
Now, we will prove that X(L) ≥ X(S). Since Qi ✂ S, thus Qi ✂ L. Also CL(Qi) ≤
CS(Qi) for each 1 ≤ i ≤ n. Then we have
[Ω1(CL(Qi−1)), Qi; p− 1] ≤ [Ω1(CS(Qi−1)), Qi; p− 1] = 1.
Hence, by the definition of X(L), we have X(L) ≥ X(S).
Using the above lemma, we give a proof of Theorem 1.2 as follows.
Theorem 3.2. Let S be a finite p-group for an odd prime p. Set X1(S) ≤ S such that
X1(S)/X(S) = Z(S/X(S)). If E is an elementary abelian p-subgroup whose rank is the
p-rank of S and E ≤ X1(S), then E ≤ X(S).
4Proof. Set E is an elementary abelian p-subgroup whose rank is the p-rank of S. Let
(S,E) be a minimal counterexample, that is E ≤ X1(S), but E  X(S). We will consider
the cases whether EX(S) = S in the following.
Case 1. If EX(S) = S. That is S/X(S) is abelian. By [5, Theorem 1.1], we have
J(S) ≤ X(S). So E ≤ J(S) ≤ X(S). That is a contradiction.
Case 2. If EX(S)  S, set L = EX(S). Since E ≤ X1(S), we have L ≤ X1(S). We
assert that X(L) = X(S).
Since X(S) ≤ L, we have X(L) ≥ X(S) by Lemma 3.1. By the definition of Oliver’s
subgroup, there exist two sequences
1 = Q0 ≤ Q1 ≤ · · · ≤ Qn = X(S); 1 = R0 ≤ R1 ≤ · · · ≤ Rm = X(L)
such that Qi ✂ S,Rj ✂ L, and such that
[Ω1(CS(Qi−1)), Qi; p − 1] = 1 and [Ω1(CL(Rj−1)), Rj ; p− 1] = 1
holds for each 1 ≤ i ≤ n and 1 ≤ j ≤ m respectively. we have a sequence
1 = Q0 ≤ Q1 ≤ · · · ≤ Qn = X(S) = QnR0 ≤ QnR1 ≤ · · · ≤ QnRm = X(L)
satisfies the condition (∗) in Definition 2.1 for L.
If X(S)  X(L), then we can suppose that Qn = X(S) = QnR0  QnR1. Since the
above sequence satisfies the condition (∗) in Definition 2.1 for L, it implies that
[Ω1(CL(Qn)), QnR1; p − 1] = 1.
Also Qn = X(S) and L ≥ X(S), we have CL(Qn) = Z(X(S)) by [8, Lemma 3.2]. That
means
[Ω1(Z(X(S))), QnR1; p− 1] = 1.
Since L ≤ X1(S), that is L/X(S) ≤ Z(S/X(S)). So we have QnR1 ✂ S. Hence, we have
QnR1 ≤ X(S) by [8, Lemma 3.3]. That is a contradiction. Hence, we have X(S) = X(L).
Since L = EX(S)  S, we can use induction to get E ≤ X(L) = X(S). First, E is
also an elementary abelian p-subgroups whose rank is the p-rank of L. And X1(L) = L
because X(L) = X(S). So by induction, we have E ≤ X(L) because E ≤ L = X1(L).
Hence E ≤ X(L) = X(S), that is a contradiction.
As a corollary, we give a proof of Corollary 1.3 as follows.
Corollary 3.3. Let S be a finite p-group for an odd prime p. Set X1(S) ≤ S such that
X1(S)/X(S) = Z(S/X(S)). If J(S) ≤ X1(S), then J(S) ≤ X(S).
Proof. Since J(S) is the Thompson subgroup generated by all elementary abelian p-
subgroups whose rank is the p-rank of S, we have J(S) ≤ X(S) by Theorem 3.2.
Now, as an easy application, we give a proof of the following corollary.
5Corollary 3.4. Let S be a finite p-group for an odd prime p. Then |J(S)X(S) : X(S)| 6=
p.
Proof. Suppose |J(S)X(S) : X(S)| = p, since J(S)X(S)/X(S) ✂ S/X(S), thus
J(S)X(S)/X(S) ≤ Z(S/X(S))
because (J(S)X(S)/X(S)) ∩ Z(S/X(S)) 6= 1. By Corollary 3.3, we have J(S) ≤ X(S).
That is a contradiction to the assumption, thus we have |J(S)X(S) : X(S)| 6= p.
4 The proof of the Theorem 1.4
Now, we prove Theorem 1.4 as follows.
Theorem 4.1. Let S be a finite p-group for an odd prime p. Then Oliver’s p-group
conjecture holds for S if and only if X(L) = X(S) for each subgroup L with X(S) ≤ L ≤
J(S)X(S).
Proof. Suppose first Oliver’s p-group conjecture holds for S, that is J(S) ≤ X(S). Then
J(S)X(S) = X(S). So we get the result.
Conversely, let S be a minimal counterexample, that is J(S)  X(S). And, if
L is a finite p-group with |L|  |S|, and X(T ) = X(L) for each subgroup T with
X(L) ≤ T ≤ J(L)X(L), then J(L) ≤ X(L).
Since J(S)  X(S), thus we can let E be an elementary abelian p-subgroup whose
rank is the p-rank of S and E  X(S). Set H = EX(S), and we will consider the cases
whether EX(S) = S in the following.
Case 1. If H = EX(S) = S, then S/X(S) is abelian. By [5, Theorem 1.1], we have
J(S) ≤ X(S). That is a contradiction.
Case 2. If H = EX(S)  S, we will use induction to get J(H) ≤ X(H). In fact,
let T ≤ H such that X(H) ≤ T ≤ J(H)X(H). Since X(S) ≤ H ≤ J(S)X(S), by the
condition of S, we have X(H) = X(S). Hence X(S) = X(H) ≤ T ≤ J(H)X(H) ≤
J(S)X(S). Also by the condition of S, we have X(T ) = X(S) = X(H). Hence by
induction, we have J(H) ≤ X(H) = X(S).
Since E is an elementary abelian p-subgroup whose rank is the p-rank of S, thus
E is also an elementary abelian p-subgroup whose rank is the p-rank of H because
E ≤ H ≤ S. Then E ≤ J(H) ≤ X(H) = X(S). That is also a contradiction.
So, we prove this theorem.
Now, we take an application as follows.
Theorem 4.2. Let S be a finite p-group for an odd prime p. If L✂S for each subgroup
L with X(S) ≤ L ≤ J(S)X(S), then J(S) ≤ X(S).
Proof. By Theorem 4.1, we only need to prove that X(L) = X(S) when X(S) ≤ L ≤
J(S)X(S).
6Since X(S) ≤ L, we have X(L) ≥ X(S) by Lemma 3.1. By the definition of Oliver’s
subgroup, there exist two sequences
1 = Q0 ≤ Q1 ≤ · · · ≤ Qn = X(S); 1 = R0 ≤ R1 ≤ · · · ≤ Rm = X(L)
such that Qi ✂ S,Rj ✂ L, and such that
[Ω1(CS(Qi−1)), Qi; p − 1] = 1 and [Ω1(CL(Rj−1)), Rj ; p− 1] = 1
holds for each 1 ≤ i ≤ n and 1 ≤ j ≤ m respectively. we have a sequence
1 = Q0 ≤ Q1 ≤ · · · ≤ Qn = X(S) = QnR0 ≤ QnR1 ≤ · · · ≤ QnRm = X(L)
satisfies the condition (∗) in Definition 2.1 for L.
If X(S)  X(L), then we can suppose that Qn = X(S) = QnR0  QnR1. Since the
above sequence satisfies the condition (∗) in Definition 2.1 for L, it implies that
[Ω1(CL(Qn)), QnR1; p − 1] = 1.
Also Qn = X(S) and L ≥ X(S), we have CL(Qn) = Z(X(S)) by [8, Lemma 3.2]. That
means
[Ω1(Z(X(S))), QnR1; p− 1] = 1.
By the condition of the theorem, we have QnR1 ✂ S. So we have QnR1 ≤ X(S) by [8,
Lemma 3.3]. That is a contradiction. Hence, we have X(S) = X(L).
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